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ABSTRACT
The utuations observed in the light urves of some GRB-afterglows (suh as GRB
021004) provide a useful tool to probe the irum-burst density prole and to probe the
variations in the energy of blast-wave with time. We present a general formalism that
redues the alulation of the observed light urve from a Blandford-Makee blast-wave
to the evaluation of a one dimensional integral. Using this formalism we obtain a simple
approximation to the general light urve that arises in more omplex situations where
the afterglow's energy or the external density vary. The solution is valid for spherially
symmetri proles and it takes a full onsideration of the angular time delay eets. We
present the light urves of several external density proles and demonstrate the eets
of density variations on the light urve. We also re-visit the afterglow of GRB021004
and we nd that the steep deay after the rst bump (∼ 4000sec) annot result from a
spherially symmetri density variation or from the passage of the synhrotron frequeny
through the optial band. This suggests that an angular struture is responsible to some
of the observed features in the light urve. This may be the rst evidene that an angular
struture is important in the early stages of the afterglow.
1. Introdution
The basi theory of the multi wavelength afterglow whih follows GRBs is well established.
The afterglow emission is produed by an interation between a relativisti expanding reball and
the irumburst material. This interation produes a relativisti blast wave whih heats the ex-
ternal medium and produes the observed emission. The dominant radiation proess is most likely
synhrotron.
After a short radiative phase the blast wave beomes adiabati and the hydrodynami prole
behind the shok relaxes to a self-similar solution (Blanford & Makee 1976 ; hereafter BM76). The
observed synhrotron light urve from a Blanford-Makee (BM) self similar shell is presented by
Granot, Piran & Sari (1998) as a two dimensional nontrivial numerial integral. We use here the self
similar properties of the BM solution to redue the expression of Granot et. al. (1998) to a simple
one dimensional integral. The integrand expresses the ontribution of the instantaneous emission
from a BM shell at a given radius
1
. This simpliation is important for two reasons. First, it allows
1
The integrand inludes an integration over the angular and the radial dimensions whih redues, due to the
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an easy alulation of interesting physial quantities (e.g. the afterglow image, see Granot et. al.
1998) that had to be alulated numerially so far. Seond, and more importantly, it enables us to
obtain a good approximation of the observed afterglow when the external density and/or blast-wave
energy varies, as long as the variations are spherially symmetri.
We use our solution to investigate several external density proles. We nd that due to angular
smoothing, even a short length sale density variation, results in a utuation in the light urve
of more than one order of magnitude in time. Seond, we show that above the ooling frequeny,
a density enhanement results in a utuation with amplitude of less than 20% , while a density
drop results in a larger utuation (a drop of one order of magnitude in the density results in a
utuation of 40%).
Nakar, Piran & Granot (2002) investigated dierent possible explanations to the peuliar after-
glow of GRB 021004. This unusual afterglow shows a lear deviations from a smooth temporal power
law deay. A rst bump is observed after ∼ 4000sec, this bump is followed by a steep deay. Later
the afterglow shows additional deviations from a power-law deay. Nakar et al. 2002 onsidered the
angular eets only approximately. Here we re-visit this afterglow taking a full onsideration of the
angular eets. We show that the rst bump and the steep deay that follows it, annot result from
spherially symmetri density variations. We show also that the fast deay is inonsistent with a
simple transition of the typial synhrotron frequeny, νm, through the optial band (with a on-
stant ISM density prole). Although passage of νm is onsistent with the timing and with the rising
phase of the bump (Kobayashi & Zhang 2002), the fast deay requires another mehanism (most
likely an angular dependent one). These results suggests that an angular struture is important in
the early afterglow of GRB 021004.
In 2 we present our solution. In 3 we onsider the eets of density and energy variations. In
4 we disuss the afterglow of GRB 021004 and at the last setion we present our onlusions. The
detailed alulations whih lead to the solution we present at 2 are desribed in the appendix.
2. The Blandford-MKee light urve
We onsider an adiabati relativisti blast wave propagating into an external medium with a
regular density prole next ∝ r−k (k < 3). We alulate the observed ux from a slow ooling
synhrotron. As ommonly done (Sari, Piran & Narayan 1998) we assume that the energy of the
magneti eld and the energy of the hot eletrons, are onstant frations of the internal energy (εB
and εe respetively) and that the hot eletrons' initial distribution is a power law with an energy
index p. We express the solution as a simple one dimensional integral. This solution an be used
to alulate dierent properties of the afterglow, or as an approximation to the observed afterglow
in the ases of a variable external density and/or a variable blast-wave energy (see setion 3).
self-similar struture of the shell, to a general integral that is alulated only one.
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The spetral shape of the observed ux is well approximated (Sari et al. 1998) by a broken
power law with several power-law segments. In the slow ooling regime there are four segments
separated by νa, νm and νc: the self-absorption, synhrotron and ooling frequenies respetively.
We disuss here only the emission above νa. First we onsider the solution when the observed
frequeny, ν, is far from the break frequenies and later we address the solution near the break
frequenies.
We distinguish between three relative frames. The enter of the explosion and the observer
at innity are at rest at the soure frame. We denote the time in the soure frame by t and we
alibrate t = 0 to the explosion time. The uid frame is the rest frame of the uid, we denote all
variables in the uid frame with a 'prime'. The observer frame is at rest ompared to the soure
frame. However, the observer time is measured aording to the arrival time of photons to the
observer. We denote the observer time as T , and we alibrate T = 0 to the arrival time of a photon
emitted at t = 0, r = 0 (r is the distane from the explosion).
We address rst the problem of an instantaneous emission from a very thin shell loated at a
radius r and propagating with a Lorentz fator γ (this problem or related ones where onsidered
by Fenimore, Madras & Nayakshin (1996), Kumar & Panaitesu 2000, Ioka & Nakamura 2001,
Ryde & Petrosian 2002 and others). Due to the relativisti beaming the observer reeives mainly
photons emitted up to an angle of θ = 1/γ relative to the line-of-sight. The observer time delay
between two photons emitted simultaneously at a radius r, one on the line-of-sight and the other
from θ = 1/γ is Tang = r/2cγ
2
. Hene, an instantaneous emission in the soure frame is observed
as a nite pulse with a duration ∼ Tang. The observed time of the rst photon (emitted on
the line-of-sight) is Tlos = t − r/c, where t is the time in whih the shell radiates in the soure
frame. Thus an instantaneous emission from a very thin shell produes a pulse that is observed for
Tlos ≤ T ≤ Tlos + Tang. The emission that arrives at larger T is emitted at larger θ. Fenimore et
al. (1996) alulated the shape of the pulse for an intrinsi power law spetrum with a power law
index β: Pν ∝ νβ. They nd that the observed ux at T > Tlos is:
Fν(T ) ∝ νβ
(
1 +
T − Tlos
Tang
)
−(2−β)
. (1)
The observed ux, at an observer time T , from an arbitrary spherially symmetri emitting
region is given by Granot et. al. (1998):
Fν(T ) =
1
2D2
∫
∞
0
dt
∫
∞
0
r2dr
∫ 1
−1
d(cosθ)
n′(r)P ′ν(νΛ, r)
Λ2
δ(t − T − r cosθ
c
), (2)
where n′ is the emitters density and P ′ν is the emitted spetral power per emitter, both are measured
in the uid frame; θ is the angle relative to the line of sight, and Λ−1 = 1/γ(1 − v cosθ/c) (v is
the emitting matter bulk veloity) is the blue-shift fator. Below we alulate this expression for
an instantaneous emission from a shell with a Blandford-Makee (BM) self-similar prole. The BM
self similar shell has a width of, ∆R ≈ R/2(4 − k)Γ2, where R and Γ are the shok's radius and
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Lorentz fator respetively. BM76 show that all the variables behind the relativisti blast-wave are
funtions only of the dimensionless parameter, χ = [1 + 2(4 − k)Γ2](1 − r/ct). χ = 1 at the shok
front and it inreases with the distane (down stream) from the shok.
We will alulate Fν(T ) by integrating over the ontributions from BM shells (Eq. 3 below)
at dierent radii. To do so we alulate the ontribution to the observed ux at time T of the
emission emitted by the blast wave during the time that the shok propagates from the radius R
to R + dR. We denote this ontribution as Aν(R) · gβ(R,T, k)dR where β is the spetral index in
the relevant power-law segment. Aν(R)dR is the emitted spetral power during the time that the
shell propagates from R to R + dR. The funtion, Aν , inludes only numerial parameters whih
remain after the integration over r and cosθ in Eq. 2 and it depends only on the onditions of the
shok front along the line-of-sight. The seond fator gβ is a dimensionless fator that desribes the
observed pulse shape of an instantaneous emission. gβ is obtained by integration over cosθ and r
in Eq. 2 and it inludes only the radial and angular struture of the shell. The self-similar prole
of the shell enables us to express gβ as a general funtion that depends only on the dimensionless
parameter T˜ = T˜ (R,T ) (whih we dene later), hene gβ(R,T, k) = gβ(T˜ , k). The funtion gβ(T˜ , k)
is alulated only one for a given β and external density prole.
Using the self similar prole of the emitting region and negleting terms up to the lowest order
of O(γ−2) (the detailed derivation is desribed in details in the Appendix), we redue Eq. 2 to:
Fν(T ) =
1
D2
∫ Rmax
0
Aν(R)gβ(T˜ , k)dR, (3)
where Rmax satises
2
:
Tlos(Rmax) = T, (4)
and D is the distane to the soure (osmologial fators are not onsidered through the paper).
When all the signiant emission from the shell at radius R is within the same power-law segment,
β, (i.e ν is far from the break frequenies) then Aν and gβ are given by:
Aν(R) = Hν

R2 n
4/3
ext,0E
1/3
52 M
−1/3
29 ν < νm
R2 n
(5+p)/4
ext,0 E
p
52M
−p
29 νm < ν < νc
Rn
(2+p)/4
ext,0 E
p
52M
−p
29 ν > νc
erg
sec · cm ·Hz , (5)
where R is the radius of the shok front, next(R) is the external density, E is energy in the blast-
wave, M(R) the total olleted mass up to radius R and Hν is a numerial fator whih depends
on the observed power law segment (see Eq. 14). We denote by Qx as the value of the quantity Q
in units of 10x (.g.s).
2
We denote values at the shok front as funtions of the shok radius alone (e.g. Tlos(R) ≡ Tlos(t(R),R).
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g(T˜ , β, k) =
 2(4−k)
∫ 1+2(4−k)T˜
1 χ
−µ(β,k)
(
1− 12(4−k) +
2(4−k)T˜+1
2(4−k)χ
)−(2−β)
dχ ν < νc
(1 + T˜ )−(2−β) ν > νc
, (6)
where
T˜ (R,T ) =
(T − Tlos(R))
Tang(R)
, (7)
and
µ(β, k) ≡ 3 · (71 − 17k)/(72 − 18k) − β · (37 + k)/(24 − 6k). (8)
This set of equations is ompleted with the following relations between the dierent variables of the
blast wave, the observer time and the break frequenies:
νm = 5 · 1012n1/2ext,0E252M−229 ε
1/2
B−2ε
2
e−1 Hz, (9)
νc = 2.5 · 1017R−217 n
−3/2
ext,0ε
−3/2
B−2 Hz, (10)
M(R) ≡ 4pimp
∫ R
0
r2n(r)dr
(
=
4pin∗mp
3− k R
3−k
)
, (11)
Tlos(R) =
c
4
∫ R
0
M(r)
E(r)
dr
(
=
picn∗mp
(4− k)(3− k)ER
4−k
)
, (12)
Tang(R) =
cRM(R)
2E(R)
(= 2(4 − k)Tlos(R)) , (13)
where mp is the proton mass and the values in the parenthesis are for a onstant energy and a
density prole of next = n∗r
−k
(k < 3). The numerial oeient of Eq. 5, Hν, is given by:
Hν=

9 · 10−26 ε2/3e−1 ε
1/3
B−2 ν
1/3 ν < νm
2 · 10−21(5 · 1012)(p−1)/2 εp−1e−1 ε
(p+1)/4
B−2 ν
(1−p)/2 νm < ν < νc
3p+6
3p+26 · 10−3(2.5 · 106)p ε
p−1
e−1 ε
(p−2)/4
B−2 ν
−p/2 ν > νc
. (14)
For the two anonial ases of ISM (next = n∗, k = 0) and wind (next = n∗r
−k
; k = 2) Eq. 5 is
redued to:
Aν,los(R) = Hν

2 · 1034R17 n∗,0E1/352 ν < νm
(0.07)−p · 1034R2−3p17 n
(5−3p)/4
∗,0 E
p
52 νm < ν < νc
(0.07)−p · 1017R1−3p17 n
(2−3p)/4
∗,0 E
p
52 ν > νc
erg
sec · cm ·Hz ISM, (15)
Aν,los(R) = Hν

2 · 1034R5/317 n∗,34E
1/3
52 ν < νm
(0.2)−p · 1034R2−p17 n
(5−3p)/4
∗,34 E
p
52 νm < ν < νc
(0.2)−p · 1017R1−p17 n
(2−3p)/4
∗,34 E
p
52 ν > νc
erg
sec · cm ·Hz WIND, (16)
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For ν > νc the expression of gβ(T˜ , k) in Eq. 6 is analyti. We an obtain an approximated
analyti expression also for the spetral segment νm < ν < νc. The rise time of the pulse is very
short (gβ reahes half of its maximal value at T˜ ≈ 0.02, and its maximal value at T˜ ≈ 0.14). Hene,
for T˜ < 0.25 we an approximate gβ as a onstant. For T˜ > 0.25 the width of the BM shell is
negligible and we an approximate the pulse deay as an emission from a thin shell with an eetive
angular time, T effang . We alulate T
eff
ang by approximating the BM prole as a series of thin shells
whose Lorentz fators that vary with χ, emitting at the same time an radius3 . Due to the dierent
Lorentz fators eah shell has its own angular time (Tang(χ) ∝ χ). The eetive angular time is a
weighted average of Tang(χ). The weights are the emitted spetral power density at χ: ∝ χ−µ(β,k)
(see the appendix for details). Hene: of the
gβ(T˜ , k) ≈
 gβ(0.25, k) T˜ < 0.25gβ(0.25, k)( 1+T˜ (µ−2)/(µ−1)1+(µ−2)/4(µ−1) )−(2−β) T˜ > 0.25 νm < ν < νc, (17)
T effang =
µ− 1
µ− 2Tang(R) νm < ν < νc. (18)
The validity of this approximation is shown in Fig 1, whih ompares the approximation of Eq.
17 with the omplete alulation of Eq. 6 and a full numerial simulation of the emission from a
BM blast wave. The numerial simulations inlude both the adiabati and the radiative ooling of
the eletrons.
2.1. The light urve in the viinity of the break frequenies
The above solution is valid only when the observed frequeny is far from any of the break
frequenies (νm and νc). To understand the behavior in the viinity of the break frequenies we
onsider a thin shell with an intrinsi broken power-law spetrum. ν ′b is the break frequeny in the
shell's rest frame (β = β1 for ν
′ < ν ′b and β = β2 for ν
′ > ν ′b). ν
′
b is onstant along the shell; at
the observer frame, however, the break frequeny is νb = ν
′
b/Λ (Λ
−1
is the blue-shift fator whih
dened after Eq. 2), whih derease with θ. Hene, it is possible that at rst the observed frequeny,
ν, is smaller than νb, while at later times it is larger than νb. In other words at dierent times the
observed frequeny is within dierent power-law segments. In this ase Eq. 1 is still valid, only
β = β1 for ν/νb > (1 + (T − Tlos)/Tang) and β = β2 for ν/νb < (1 + (T − Tlos)/Tang).
When the instantaneous emission is from a BM shell then the blue-shift varies within dierent
parts of the shell (larger χ and/or larger θ result in a smaller Λ−1). Hene, the observed ux from
an instantaneous BM shell at a given observer frequeny at a given time results from emission in a
range of uid frame frequenies. Therefore, it is possible that the ux in a given observed frequeny
3
This approximation is not valid for ν < νm. In this spetral range the ontribution of shells with large χ deay
more slowly, and the width of the BM shell at late times, but not to late (T˜ ≈ 1) an not be negleted.
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at a given time orresponds to dierent power-law segments at the emission from dierent parts of
the shell.
For ν ≪ νc the observed emission arrives from the whole width of the shell. The integration
over the parameter χ within the pulse shape, g, is both along the radial oordinate and the angular
oordinate (larger χ is smaller r and lower θ). This integration depends on the spetral index β,
whih is dierent for ν < νm (β1 = 1/3) and ν > νm (β2 = (1 − p)/2). The transition from one
spetral index to the other our at some ritial χ value, χm, whih satises:
χξm(1−
1
2(4− k) ) + χ
ξ−1
m (T˜ +
1
2(4 − k))−
νm
ν
= 0 (19)
where ξ = (37 + k)/(24 − 6k). Here the pulse shape depends also on χm and it takes the form:
Aνgβ1,β2(T˜ , k, χm) =
2
(4− k)
Aν<νm ∫ χm
1
χ−µ(β1,k)
(
1− 1− χ
−1
2(4− k) +
T˜
χ
)
−(2−β1)
dχ
+Aν>νm
∫ 1+2(4−k)T˜
χm
χ−µ(β2,k)
(
1− 1− χ
−1
2(4− k) +
T˜
χ
)
−(2−β2)
dχ
 ν < νc (20)
The weight of the ontribution of eah power-law segment is given by the orresponding Aν . When-
ever χm < 1 than the whole shell emits within the same power-law segment, ν > νm, and Eq. 20 is
redued to Eq. 6. Similarly, when χm > 1 + 2(4 − k)T˜ the whole shell emits within the power-law
segment of ν < νm. Eq. 20 provides an exat solution of the spetral break at νm and an exat
light urve break when νm passes through the observed frequeny. Just like Eq. 6, gβ1,β2(T˜ , k, χm)
is alulated only one. However in this ase it should be alulated for every T˜ and χm.
When ν ≈ νc the emission arrives only from a thin part at the front of the BM shell. The
loal spetrum of the emission in the uid frame vary along the shell, and an exat solution should
follow the exat prole of the loal emission. Hene, there is no simple solution for the exat ux
in the viinity of νc (a full solution of the break shape in ISM and wind is presented at Granot &
Sari 2001). A partial treatment of the break is obtained by taking a sharp transition from ν < νc
to ν > νc when ν(1 + T˜ ) = νc, i.e taking the part of ν < νc at Eq. 6 for T˜ < νc/ν − 1 and the part
of ν > νc for T˜ > νc/ν − 1. In this approximation gβ2,β3(T˜ , k) is disontinuous (β3 = −p/2), but
the observed light urve and spetral break are rather smooth.
2.2. The emission from a ollimated jet
So far we have dealt with a spherial symmetri systems. However, in GRBs the relativisti
outow is most likely ollimated into narrow jets with an opening angle θj . Our solution is not valid
if the hydrodynamial parameters depend on the angle from the jet axis. But if they do not, then
we an easily generalize our results to a jet as long as the observation angle relative to the jet axis is
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muh smaller than θj . In this ase the emission from the edges of the jet at a given R is observed at
T˜j(R,T ) = (γ(R)θj)
2
as long as T˜j ≥ 1. Hene, in this ase gβ
(
T˜ (R,T ) > (γ(R)θj)
2, k
)
= 0 and
we an use all the above equations with this substitution. The hydrodynami evolution of suh a
jet is similar to spherial symmetri evolution as long as R satises T˜j = (γ(R)θj)
2 > 1. For larger
radii the hydrodynamial evolution hanges (the jet spreads sideway) and a jet break is observed
in the light urve. The eet of the uto, T˜j , on the observed light urve is negligible for ν > νm
and the spherial symmetri solution is valid for any observed time before the jet break time. For
ν < νm the deay is slower, and taking gβ = 0 at the edges of the jet is required also before the
break. Clearly the whole solution is not valid after the jet break.
3. Density and Energy variations
In the previous setion we have alulated the observed light urve, for a regular external
density and a onstant energy blast-wave. Consider now the eet of variations in the external
density or in the energy of the blast-wave. If the variations are not too rapid, then the shell prole
behind the shok an be approximated by a BM self-similar prole with the instantaneous energy
and external density. The light urve an be expressed as an integral over the emission from a series
of instantaneous BM solutions.
It is worthwhile to explore the onditions in whih this approximation is valid. We onsider
rst density variations and then we turn to energy variations. When a blast wave at radius R
propagates into the irumburst medium, the emitting matter behind the shok is replenished
within ∆R ≈ R(21/(4−k) − 1). This is the length sale over whih an external density variation
relaxes to the BM solution. Our approximation is valid as long as the density variations are on
a larger length sales than ∆R . Our approximation is not valid when there is a sharp density
inrease over a range of ∆R. However, the ontribution to the integral from the region on whih
the solution breaks is small (∆R/R ≪ 1) and the overall light urve approximation is aeptable.
Note, however, that a density jump by more than a fator of ∼ 21 an produe a reverse shok (Dai
& Lu 2002) whih breaks the BM prole of the shell and the validity of our approximation.
A sharp density derease is more ompliated. Here the length sale in whih the emitting
matter behind the shok is replenished ould be of the order of R. As an example we onsider a
sharp drop at some radius Rd and a onstant density for R > Rd. In this ase the external density is
negligible at rst, and the hot shell ools by adiabati expansion. Later the forward shok beomes
dominant again. Kumar and Panaitesu (2000) show that immediately after the drop the light
urve is dominated by the emission during the adiabati ooling. Later the the observed ux is
dominated by emission from R ≈ Rd, and at the end the new forward shok beomes dominant.
Our approximation inludes the emission before the density drop and the new forward shok after
the drop, but it ignores the emission during the adiabati ooling phase.
A sharp density drop with next ∝ r−k with k > 4 or an exponential drop whih ontinues over
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a long length sale breaks the BM solution and therefore our approximation breaks down. Some
of these ases an be desribed by self-similar solutions (Best & Sari 2000 ; Perna & Vietri 2002;
Wang, Loeb & Waxman 2002). We do not onsider these ases here. However our alulations an
be followed with the new self-similar proles.
An additional eet of density variations arises from the relation k ≡ −(R/next(R))(dnext/dR).
When the density varies so does k. This eet is important only at ν < νm. For ν > νc, the light
urve does not depend on k. Fig 2a depits gβ(T˜ , k) when νm < ν < νc for dierent k values.
It shows that gβ depends weakly on k in this spetral segment. Fig 2b shows that for ν < νm a
re-alulation of k with R is needed.
Spherially symmetri energy variations are most likely to our due to refreshed shoks, when
new inner shells arrive from the soure and refresh the blast wave ( Rees & Meszaros 1998, Kumar
& Piran 2000, Sari & Meszaros 2000). Kumar & Piran (2000) show that in suh ase the solution
has a smooth transition from the BM solution with the energy of the pre-ollision blast-wave ( the
front shell) to another BM solution with the total energy of the two shells. The ollision produes,
however, a reverse shok whose emission has a lower peak frequeny than the forward shok emission.
Clearly our approximation fails to apture the eet of the reverse shok and it does not apture
the details of the light urve during the time that the shok rosses the outer shell.
Our method enables a simple alulation of the observed light urve for a given density and
energy prole. In Figures 3 and 4 we show the observed light urves for several dierent density
proles (with onstant energy). Fig 3 depits the νm < ν < νc light urve for a Gaussian (∆R/R =
0.1) over-dense region in the ISM. Suh a density prole may our in a lumpy environment. The
emission from a lump is similar to the emission from a spherially over-dense region as long as the
lump's angular size is muh larger than 1/γ. The dierent light urves are for a dierent maximal
over-densities. We nd that a maximal over-density of 5 eets the observed light urve during two
orders of magnitude in time. The eet of a maximal over-density of 40 is observed during four
order of magnitude in time (note that in all the ases the width of the Gaussian is similar). Even
a mild short length-sale, over-dense region (with a maximal over-density of 2) inuenes the light
urve for a long duration (mainly due to the angular eets). This duration depends strongly on
the magnitude of the over-density. Note that due to the nonlinear dependene of the observed ux
on next a narrower Gaussian (smaller ∆R/R) with an equivalent amount of mass in the over-dense
region produes a larger utuation.
Fig 4 shows the observed light urve for several density jumps and drops. In the left panel
νm < ν < νc at all times. In the right panel we ompare the eet of similar density jumps on
the light urve above and below νc. When νm < ν < νc there is a transition from one power-law
to another with the same power law index and a ux ratio fator of (n2/n1)
1/2
between the two
power-laws (as expeted aording to Sari et al. 1998). The duration of the transition is longer
for larger density ontrasts. This transition is observable for a duration of about two orders of
magnitude in time for a density ontrast of 10 and for one order of magnitude in time for a density
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ontrast of 2. When νc < ν (right panel) then after a small utuation, the light urve returns to
behave as if there was no jump (or drop). The width of this utuation is between three orders
of magnitude in time for high density ontrast (10) to two orders of magnitude in time for small
density ontrast (2). The maximal amplitude obtained for a density jump is ∼ 20% (a deviation of
∼ 0.2mag) while the deviation for a density drop an reah ∼ 40% (a deviation of ∼ 0.4mag)
Now, using Eqs. 3-13 we an approximate the observed light urve for given energy and density
proles. However, for a given burst we usually have the observed light urve at hand and not the
energy and density proles at the soure. In this ase we an invert Eqs. 3-13 (numerially) under
the assumption of either a onstant energy or a onstant density. Thus, we an nd the prole
of the free variable, whih produes the observed light urve
4
. The analyti approximation of gβ
(Eq. 17) greatly simplies this inversion when νm < ν. The observed light urve at a given time
is a onvolution of emission at many dierent soure times (or shok front's radii). Inverting Eqs.
3-13 requires a de-onvolution of the light urve to the emission at dierent radii. Unfortunately,
deonvolution amplies small errors in the observed data and the resulting de-onvolved signal (or
in our ase the energy or density prole) is highly sensitive to small variations in the observed light
urve.
In some ases the inversion of the observed light urve fails. This usually happens when
the light urve depits rapid deay. The angular and radial spreading ditates a fastest possible
temporal deay (see Eqs. 6 and 17 in whih Fν ∝ T−(2−β) at late times). A faster temporal deay
is impossible even if the emission from the blast wave ompletely stops. A faster observed temporal
deay would result in a failure to invert Eqs. 3-13. This failure implies that a new eet (like
angular dependene), whih we do not onsider, must be inluded.
4. GRB 021004
The peuliar afterglow of GRB 021004 was observed on Otober 4'th 2002. The early optial
detetion (Fox et al. 2002), T ∼ 500sec, enabled a detailed observation of this afterglow from a
very early stage. This unusual afterglow shows lear deviations from a smooth temporal power law
deay. A rst bump is observed at T ∼ 4000sec, this bump is followed by a steep deay. Another
smaller bump is observed at T ∼ 7 · 104sec and a possible third one at 3 · 105sec. A steepening
whih may be a jet break is observed at ∼ 7days. Several dierent mehanisms an lead to these
observations. Some of the mahisms suggested so far are external density variations, angular energy
struture (pathy shell model), refreshed shoks, and a passage of νm through the optial band
(Lazzati et al. 2002, Kobayashi & Zhang 2002, Nakar et al. 2002, Holland et al. 2002, Pandey et al.
2002, Bersier et al. 2002, Shaefer et al. 2002, Heyl & Perna 2002). The last senario (the passage
4
This proedure is similar to the one we have used in Nakar et al. (2002), however here we take a omplete
onsideration of the angular eets.
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of νm) explains only the rst bump, and is ombined with the emission of the reverse shok whih
should be dominant till the rst bump.
In the following we apply our method to two possibilities
5
(i): A spherially symmetri (or an
angular sale larger then 1/γ) density variations and onstant energy; assuming that the optial
emission is at all time above νm and below νc, (ii) The passage of νm through the optial band,
assuming an ISM density prole and a onstant energy. Figure 5 depits the best t that we
obtained with a spherially symmetri density variations with p = 2. In order to get the fastest
deay possible after the bump, we stop the emission ompletely at the peak of the bump. It is lear
that due to the angular spreading, it is impossible to t the fast deay after the rst bump. The
t is even worse with larger p . Figure 6 depits the best t of the rst bump for a passage of νm
through the R band in an ISM density prole and with a onstant energy. Again, due to the angular
spreading, it is impossible to t the fast deay. We obtain a marginally onsistent fast deay only
if we assume that the emission is ompletely stopped just when νm is in the R-band. But learly
suh a oinidene is unlikely.
The onlusion from these results is that it is unlikely that the light urve of GRB 021004
results from a spherially symmetri utuations. This result provides a new evidene that also in
the early times of the GRB emission, an angular struture (either of the relativisti wind or the
irum-burst medium) is involved.
5. Conlusions
We have presented a simplied solution of the slow ooling synhrotron emission form a BM
blast wave. This solution separates the observed ux at a given time to the ontributions from
dierent BM shells with a dierent radius of the shok front. Using the self-similar prole of the
BM shells we have shown that the pulse shape of the emission from BM shells at dierent radii is
general (independent of the shok's front radius). We have also presented an analyti expression to
this pulse shape for ν > νm. Thus, this pulse shape ould be alulated only one (or the analyti
expression may be used), and the whole solution turns into a simple one dimensional integral over
the ontributions from dierent radii. This simpliation enables an easy alulation of dierent
properties of the afterglow whih until now had to be alulate using a ompliate and omputational
time onsuming simulations.
The main advantage of our solution is that it enables us to approximate the emission from a
blast-wave with a varying energy and/or a varying external density, as long as these variations are
spherially symmetri. The advantage of this solution over the method we have presented in Nakar
et al. (2002) is the full onsideration of the angular eets.
5
Our spherially symmetri model is not appliable to the pathy shell model and refreshed shoks an not explain
the utuations below the expeted power-law deay.
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We use our solution to approximate the light urve whih results from several density proles.
We nd out that the duration of utuations in the light urve, whih results from density variations,
are long even if the length sale of the density variation, ∆R, is very short (∆R/R ≪ 1). For
example a density variation with ∆R/R = 0.1 and a mild over-density results in a utuation
whih is observed for two orders of magnitudes in time. We show also that density variations indue
mild (∼ 30%) utuations also above νc. Flutuation indued by a density drop are larger than the
utuation indued by a density jump. These utuations are also observed for about two orders
of magnitude in time in the ase of a sharp density jump, or drop.
We try to t the early afterglow of GRB 021004, by a spherially symmetri varying density
and by the passage of νm through the optial band. Both ts fail to follow the fast deay after the
rst bump in the afterglow. This results suggests that an angular struture within the ejeta or
within the external density is ruial for the prodution of the early afterglow of GRB 021004.
Appendix: Derivation of the Light Curve Formula
In the appendix we show the details of the alulations whih lead to Eqs. 3-14. First we solve
the problem for ν < νc and later we onsider the solution for ν > νc.
We start from Eq. 2 whih gives the observed ux from an arbitrary spherially symmetri
emitting region. For cosθ = c(t− T )/r we obtain:
Λ(r, t) = γ(1 − v cosθ/c) ≈ (2γ)−1
(
1 +
T − Tlos(r, t)
Tang(r, t)
)
. (21)
At a given t, the front of the blast wave is at radius R(t) and the emitting region is restrited to
r < R(t). On the other hand, emission from r < rmin = c(t−T ) = R(t)− c(T −Tlos(R)) would not
reah the observer at time T . Hene, integrating over cosθ [δ(cosθ) = cδ(t − T − rcosθ/c)/r℄, and
keeping only terms of the lowest order of γ−2, Eq. 2 is redued to:
Fν(T ) ≈
2
D2
∫ Rmax
0
dR
∫ R
rmin
drrγ2n′(r)P ′ν′m
(
ν
2γν ′m
)β (
1 +
T − Tlos(r)
Tang(r)
)
−(2−β)
, (22)
where Rmax, is the maximal radius of the shok, from whih an emission from the blast wave
ontributes to the ux at time T , i.e. Tlos(Rmax) = T . We also used the spetrum for ν < νc:
P ′ν(νΛ, r, t) = P
′
ν′,m(r, t) · (νΛ/ν ′m)β , where ν ′m is the synhrotron frequeny in the uid frame and
β is the spetral index.
The dependene of the hydrodynamial parameters in a BM self similar shell on χ is (BM76):
the bulk Lorentz fator, γ(χ) = Γ
√
1/2χ = γ(R)/
√
χ, the internal energy density in the uid rest
frame, e′(χ) = e′(R) ·χ−(17−4k)/(12−3k) and the uid density behind the shok in the observer frame,
n(χ) = n′(χ)γ(χ) = n(R) · χ−(7−2k)/(4−k), where γ(R), e(R) and n(R) are the hydrodynamial
parameters values at the shok front (at radius R). Now, We an express the observed synhrotron
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frequeny, νm = 2γν
′
m(χ), and the observed spetral power at this frequeny Pν,m = γP
′
ν′,m (Sari
et al. 1998) as a funtion of χ: νm(χ) ∝ γBγ2m ∝ γ(χ)
√
e(χ)γ2m(χ) and Pν,m(χ) ∝ γ(χ)B ∝
γ(χ)
√
e(χ), where γm is the minimal Lorentz fator of the hot eletrons distribution. In the slow
ooling regime the radiative ooling of the eletrons is negligible. The adiabati ooling of a single
eletron is proportional to e′(χ)/n′(χ), hene γm(χ) = γm(R) · χ−(2+2k)/(12−3k). Now, we an
represent all the variables in Eq. 22 as a funtion of the shok front, R, and the dimensionless
parameter χ (whih inrease with the distane from the shok front). Integrating over χ [dr =
−dχR/2(4 − k)Γ2℄ , using the relation:
T − Tlos(r(χ))
Tang(r(χ))
=
T˜ (R)
χ
− χ− 1
2(4− k)χ, (23)
(T˜ (R) is dened in Eq. 7) and expressing the density behind the shok as n(R) = 2next(R)Γ
2
(see
BM76) we obtain:
Fν(T ) ≈
2
(4− k)D2
∫ Rmax
0
Aν(R)gβ(T˜ (R), k)dR ν < νc, (24)
where
Aν(R) = R
2next(R)Pν,m(R)
(
ν
νm(R)
)β
ν < νc (25)
and gβ(T˜ (R), k) is dened by Eq. 6. Note that the emitted spetral power density depends on χ
as: γ2n′P ′ν′m(γν
′
m)
−β ∝ χ−µ(β,k) (µ is dened in Eq. 8). The values of γ(R), νm(R) and Pν,m(R)
ould be found for any given external density prole (see Sari et al. 1998 and Nakar et al. 2002) as
we have done in Eq. 5.
For ν > νc the emitting eletrons are ooling fast, and only a very thin layer behind the shok
ontributes to the emission at this spetral regime. Therefore the pulse shape of an instantaneous
emission from a blast wave at radius R, gβ(T˜ , k), is similar to the pulse shape of an instantaneous
emission from a very thin shell (see Eq. 1) with a spetral index of β = −p/2. Finelly, the emitted
spetral power at the shok front, Aν(R), is
Aν(R) = R
2nextPν,mν
−β
m ν
1/2
c ν
β−1/2 ν > νc, (26)
where β is the spetral index for νm < ν < νc.
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